I. INTRODUCTION
In recent years there has been a lot of research effort in exploring blue-violet light sources, such as light-emitting diodes ͑LEDs͒ and laser diodes ͑LDs͒, due to their potential applications in full-color displays and high-density optical storage. Potential materials for the short-wavelength emission include SiC-, 1 ZnSe-, 2, 3 and GaN-based wide-gap semiconductors. 4 Among them, the nitrides, such as GaN and the related ternary ͑AlGaN and InGaN͒ and quaternary ͑AlGaInN͒ compounds, are considered more promising for high-brightness emission, and currently they have been used commercially in making up blue-violet and green LEDs and LDs. However, the reliability of the wide-gap nitride LDs is still an important issue because of their short lifetime caused by high threshold current. In comparison with conventional zinc-blende GaAs-based lasers, the high threshold current of the wurtzite nitride lasers may be attributed to several factors, including immature material preparation, the intrinsic large density of states in the valence bands, and large leakage current in the device structures not yet optimized.
The leakage current can be regarded as composed mainly of three components according to their different origins: ͑1͒ the component caused by nonradiative recombination of electrons and holes in the active region, ͑2͒ the one due to electron leakage from the active region to the p-type cladding layers, 5 and ͑3͒ the one caused by the interband transition of high-energy carriers in the neighborhood of the active region. 5 The leakage current due to nonradiative recombination has been considerably alleviated in the GaN lasers by the reduction of defects with the progress of material growth and device processing technologies. 6, 7 As to the electron leakage into the p-type cladding layer, it has been commonly found from recent works that such leakage can be reduced significantly by the insertion of an AlGaN electron blocking layer ͑EBL͒ between the active region and the p-type layer. [8] [9] [10] [11] [12] Furthermore, it has been demonstrated that this leakage can be made very low compared to other leakages by optimization on the structure with EBL. [9] [10] [11] [12] The hole leakage out of the active region can be neglected because of the large effective mass of the inertial holes. The EBL, however, cannot suppress the spillover of energetic carriers into the continuous subband states above the barriers in energy surrounding the quantum wells ͑QWs͒ of the active region.
Interband transition involving the high-energy spillover carriers usually gives a negligibly small contribution to the optical peak gain of the QW active region but may cause significant consumption of electric current. Therefore, the recombination of spillover carriers can be regarded as one of the paths for the leakage current. Such a problem of carrier spillover depends on temperature and is particularly serious for electrons in the conduction bands because of the small electron effective mass, the large asymmetry between the densities of states of the conduction and valence bands, and the narrow QWs usually used in the nitride LDs. There are quite few literatures discussing leakage due to the recombination of spillover carriers, 5 and so far, the influences of the optical transitions from the spillover carriers on the shapes of gain and spontaneous emission spectra have not been discussed and analyzed in detail. Furthermore, there has not been any research work on this problem for the shortwavelength nitride LDs.
In this paper, we present the calculation results of the carrier spillover effects on the optical gain, the spontaneous emission, and the threshold current for InGaN / GaN QW LDs. The calculation is based on the six-band model for the valence band states. Continuous subbands above the barriers in energy are deliberately treated for the spillover carriers. We found that the electron spillover can broaden the gain and the spontaneous emission spectra, deteriorating the threshold of QW LDs. A multi-QW structure is then proposed to solve the problem. This paper is organized as follows. The calculation approaches are described in the following section. We then present our calculation results with detailed discussion in Sec. III. Finally, we draw the conclusion in Sec. IV.
II. CALCULATION APPROACHES
We consider the wurtzite III-nitride lasers with a conventional step separate-confinement heterostructure that contains an undoped active region of strained InGaN / GaN QWs and is inserted with an AlGaN EBL immediately near the QWs. 10 The layers are considered to be grown on strain-free GaN along the crystallographic c-axis which is defined as the z-axis. We take the flatband approximation to calculate the band structure of the QWs. This is a good approximation for narrow QWs considered in this study, even if the straininduced piezoelectric field in the InGaN QWs may be considerable. 13 At threshold condition, the piezoelectric field is strongly suppressed by the screening of the large density of carriers ͑generally in the range of 10 19 -10 20 cm −3 ͒, further justifying the flatband approximation. It has also been pointed out that, in this range of threshold carrier density, there is a small difference from the case of full screening in the transition energy and the recombination rate between the lowest conduction and valence subbands. 14 Franssen et al. have experimentally demonstrated that the polarizationinduced electric field can be almost fully screened in nitride LDs close to lasing threshold, supporting our assumption of the flatband approximation. 15 The valence band structure of the InGaN / GaN QWs is calculated based on the six-band k · p model which includes the coupling of the heavy-hole, the light-hole, and the spinorbit split-off bands. 16, 17 The strain effect is also included in this model. By means of a unitary transformation of basis functions, the 6 ϫ 6 Hamiltonian in the six-band model can be block diagonalized into one consisting of two 3 ϫ 3 blocks,
͑3͒
where m 0 is the free electron mass and k t = ͱ k x 2 + k y 2 is the magnitude of the in-plane wave vector. The parameters ⌬ i ͑i =1-3͒ account for either the crystal-field split energy ͑⌬ 1 ͒ or the spin-orbit interactions ͑⌬ 2 and ⌬ 3 ͒. The A i ͑i =1-6͒ are effective-mass-like parameters and the D i ͑i =1-4͒ are deformation potential constants. The normal strain components ⑀ Ќ and ⑀ ʈ in the QW region are given by
where a 0 and a are the lattice constants of undeformed materials making up the substrate and the QWs, which in the present study are GaN and InGaN, respectively. C 13 and C 33 are stiffness constants of the QW material. Based on the k · p model, the wave functions of valence band states can be expressed as
which, together with their energy E, can be solved by the effective-mass equation,
where the ± are envelope functions and the u ± are the transformed basis functions according to which the Hamiltonians Ĥ ± are built up; 16, 17 A is the area of the QWs; r t and k t are the in-plane position vector and the wave vector of the particle, respectively; E v 0 ͑z͒ is the z-dependent valence band edge of the undeformed materials composing the heterostructure. It is noticed that the order of the operators in Eq. ͑3͒ is of importance to the correct boundary conditions for matching the envelope functions. 17 For the conduction band states, we use the single-band effective-mass equation,
͑7͒
to solve the envelope function and the energy E, where m z ͑m t ͒ is the electron effective mass in the direction along ͑transverse to͒ the growth direction; E c 0 ͑z͒ is the z-dependent conduction band edge of the undeformed materials composing the heterostructure; a cz and a ct are the deformation potentials for the conduction bands along and transverse to the c-axis, respectively. Neglecting the small spin-splitting effect, we can write down the wave functions of conduction band states for spin up and spin down as simply a product of the envelope part and the Bloch function part,
where u c ± are the conduction band Bloch functions at the ⌫ point for spin up ͑ϩ͒ and spin down ͑Ϫ͒.
Besides the discrete subbands bound by the barriers, we also consider the spillover of carriers to the continuous subband states which are above at least one side of the potential barriers in energy. We obtain the wave functions and the energy of the continuous subband states also using Eqs. ͑5͒-͑8͒, similar to the bound subband states, except that we use two infinite boundaries at positions sufficiently far away from each other for the continuous subbands, as illustrated in Fig. 1 , where we include the EBL in the structure. Consequently, we obtain discrete subbands dense enough to realistically simulate the physical property of the real continuous subbands. Such infinite boundaries have been employed for the calculation of the continuous subband states in previous articles. 5, 18 Justification and detailed discussion for the infinite boundaries can be found there.
To calculate the gain spectrum of the active region as a function of the carrier concentration, we assume that the electrons and the holes are in quasiequilibrium in the conduction bands and the valence bands, respectively, and that the electron sheet density is equal to the hole sheet density in the active region. It is therefore possible to determine the conduction band quasi-Fermi level F c and the valence band quasi-Fermi level F v for a given sheet carrier density n a in the active region by the integrals
where the factor 2 in Eq. ͑9͒ accounts for the spin degeneracy in the conduction band. 
respectively, in the active region with width L a and can thus be expressed by
For a given sheet carrier concentration, the optical gain g͑ប͒ and the spontaneous emission rate r sp ͑ប͒ are then calculated using the formulas
where is the angular frequency of the photon, T is the temperature, the superscript e is used to specify the polarization of the optical electric field, n r is the averaged refractive index of the materials constituting the active region, q is the elementary charge, and ⑀ 0 and c are the permittivity and the speed of light in vacuum, respectively; the states ⌽ i + ͑r ; k t ͒ ͓or ⌽ i − ͑r ; k t ͔͒ and ⌿ j ͑r ; k t ͒, with a modulus squared given by
for the TE-polarization component, and
for the TM-polarization component, where the parameters E px and E pz are defined as
The component r sp,ij of the spontaneous emission rate is due to the recombination of electrons in conduction subband i and holes in valence subband j. It has the meaning of the number of emitting photons due to the recombinations per unit time per unit volume per unit photon energy interval at energy ប. Accordingly, the corresponding component of the resulting radiative recombination current density can be written as
͑18͒
The total current density J = ͚ ij J ij , which is the sum of all current density components J ij , can also be considered as composed of four components, J = J bb + J bc + J cb + J cc . As illustrated in Fig. 1 , the component J bb is caused by the transitions from all the bound conduction subbands to all the bound valence subbands, the J bc one is caused by the transitions from all the bound conduction subbands to all the continuous valence subbands, and J cb ͑J cc ͒ is caused by the transitions from all the continuous conduction subbands to all the bound ͑continuous͒ valence subbands. These current components can be obtained by
where the symbols b and c over the sigmas mean summations over bound subbands and continuous subbands, respectively. For convenience in later analysis, the optical gain g and the spontaneous emission r sp rate are also considered as composed of four components ͑g = g bb + g bc + g cb + g cc and r sp = r sp,bb + r sp,bc + r sp,cb + r sp,cc ͒ with their expressions similar to Eq. ͑19͒. It has been mentioned above that the electron leakage into the p-type cladding layer can be alleviated by the employment of EBL. Moreover, the main interest here is the investigation on the radiative current density involving the transitions from the continuous states, so the electron leakage over the EBL is ignored through this work. As for the leakage due to the nonradiative current, it relies on the material quality and processing technologies, and hence we skip this issue.
We are mainly interested in the effects of carrier spillover on threshold. For the threshold condition, we use the formula
where ␣ is the cavity loss, ⌫ is the optical confinement factor, and max ប g͑ប͒ is the peak gain. From condition ͑20͒, we first obtain the quasi-Fermi levels, F c and F v , at threshold. With F c and F v , we obtain the carrier distribution in energy space, based on which we further calculate the gain spectra, the spontaneous emission rates, and the recombination current densities at threshold.
III. RESULTS AND DISCUSSION
In this section we present the calculated results and detailed analysis of the optical gains, the spontaneous emission, and the recombination current densities for In 0. 20 The band offset is a factor important in studying the spillover of carriers from the bound subbands. Unfortunately, till now there have been no compelling unambiguous values for the band offset of the nitride heterointerfaces. We thus take the valence band offset ͑VBO͒ ⌬E v or equivalently the valence band partition ratio Q v as a variable parameter, where ⌬E v = Q v ⌬E g ͑⌬E g is the band gap difference͒, and investigate the dependence of carrier spillover on the band offset. In the determination of the threshold condition, we assume that the lasers have structures such that the confinement factor ⌫ =3 ϫ 10 −4 L a , where L a is the active region width in units of angstroms. This gives ⌫ = 1.5% for a 50 Å QW, a value reasonable for typical III-nitride LDs. The total loss of the cavity is set at ␣ =60 cm −1 for the threshold condition ͓Eq. ͑20͔͒ except in the case where the loss ␣ is considered as a variable parameter. The temperature is set at T = 300 K except in the case where we investigate the dependence of carrier spillover on temperature.
The density of carriers at threshold in our calculation is in the range from 2 ϫ 10 19 to 6 ϫ 10 19 cm −3 , depending on the well width, the cavity loss, and the temperature. At the high carrier concentration, it is feasible to employ the flatband approximation in studying the effects of carrier spillover for InGaN laser diodes here. Figure 2 shows the current densities, J, J bb , and J 0 , versus the peak gain for single-QW structures with well widths L w = 3.6 and 5.4 nm, assuming the partition ratios Q v = 0.33 in panel ͑a͒ and Q v = 0.45 in panel ͑b͒. Here, for comparison, we include the current density J 0 which is calculated without considering the continuous subbands; that is, in calculating J 0 we assume all the carriers to be at the bound subband states. In our calculation, it is found that the current-density components J bc and J cc , involving the valence continuous subbands in the transition processes, are negligibly small compared with the other components J bb and J cb . This is because the density of states of the valence bands is much higher than that of the conduction bands. All the holes hence almost lie in the lowest bound subbands. Therefore we do not show the curves for J bc and J cc in Fig. 2 and henceforth we will not present calculated results concerning transition processes involving the continuous valence subbands. As a result, the difference J − J bb Ӎ J cb can reveal the influence of electron spillover into the continuous subbands on the threshold current density. The electron spillover is more prominent as more carriers are injected into the active region. This leads to an increase in the difference J − J bb with the peak gain, as can be seen from the figure. It is also found that the difference J − J bb is larger for larger Q v since the spillover of electrons is more prominent from a shallower QW. For Q v = 0.45, the difference J − J bb is larger for L w = 5.4 nm in general than for L w = 3.6 nm. Since the currents also depend on the well width, one cannot conclude that the electron spillover is more considerable in a wider well. Contrarily, more percentage of electrons spill from the narrower well for which the bound subband edges are closer to the barrier. It should be noted that for Q v = 0.45 there is an appreciable difference between J and J 0 both for L w = 3.6 nm at threshold ͑max g Ӎ 5600 cm −1 ͒ and for L w = 5.4 nm at threshold ͑max g Ӎ 3700 cm −1 ͒. This means that one may obtain an incorrect threshold current without the electron spillover effect taken into account and also may have a misunderstanding of the carrier distribution both in energy and in space. As will be seen later, such an incorrect carrier distribution may cause a significant deviation of gain and spontaneous emission spectra.
To give an insight into the carrier spillover effect on the optical property of QW active regions, we show in Fig. 3 the gain spectra g and their components g bb and g cb at threshold for single-QW structures with L w = 3.6 nm, assuming Q v = 0.33 in panel ͑a͒ and Q v = 0.45 in panel ͑b͒. For comparison, we also show the gain spectra g 0 which are obtained without considering the carrier spillover. By comparing the curves in both the panels, we find that the electron spillover effect can be neglected for Q v = 0.33, but for Q v = 0.45 the component g cb gives more contribution to the total gain g in the high-energy range, resulting in a broader gain spectrum g, due to a larger number of electrons spilling over to the continuous subband states. The spillover also results in a significant blueshift of the peak gain. However, g cb gives only a small contribution to the peak gain although, as has been seen in Fig. 2͑b͒ , the cb process can give a significant current density J cb . There is a qualitative difference between the profiles of the gain spectra g and g 0 for Q v = 0.45. The long tail of the g 0 spectrum for Q v = 0.45 is caused by a broad distribution of electrons in the two-dimensional momentum space.
It should be mentioned that, among the continuous subbands, the lowest quasibound subband and those around it in energy provide the states for electrons that are dominant in the cb transition process. Inseted in Fig. 3͑a͒ is the conduction band profile of the QW with the level of the lowest bound subband edge ͑level 1͒ and that of the lowest quasibound subband edge ͑level 2͒. The quasibound subband states form a standing wave in the z direction and thus have The spectra g are the total gain, the spectra g bb ͑g cb ͒ are due to the bb ͑cb͒ process, and the g 0 ones are obtained without considering the continuous subbands. Inseted is an illustration of the conduction band profile of the QW with the level of the lowest bound subband edge ͑level 1͒ and that of the lowest quasibound subband edge ͑level 2͒. a nature of resonance. Because of the resonance nature, the wave functions of the quasibound subbands and their neighbors are much more localized around the QW than those of other subbands. As a result, these more localized subband states give a much larger interband matrix element M e,ij than others and hence play a dominant part in the cb process.
The cb process can also cause broadening of the spontaneous emission spectrum. Figure 4 shows the spectra r sp of the total spontaneous emission rate and their components r sp,bb and r sp,cb at threshold for single-QW structures with L w = 3.6 and 5.4 nm, similarly assuming Q v = 0.33 in panel ͑a͒ and Q v = 0.45 in panel ͑b͒. As expected, the spectra r sp are broader for Q v = 0.45 compared to those for Q v = 0.33 because of more contribution from r sp,cb for the shallower electron QW. For the narrower QW ͑L w = 3.6 nm͒ the numbers of carriers needed for threshold are larger, giving the higher and broader spectra r sp . It can be found that there is a subordinate peak at photon energy of 3.18 eV in r sp,bb ͑and r sp ͒ for Q v = 0.33 and L w = 5.4 nm. No distinct subordinate peak is found in the other r sp,bb spectra. Such a subordinate peak is caused mainly by the optical transition from the second bound conduction subband which does not exist in the other QW structures.
As is well known, for QW lasers the threshold current density J increases as the well width L w decreases in the range of small well width. This is because the number of carriers needed for threshold increases superlinearly with decreasing L w . On the other hand, in the range of large well width, the threshold current also increases with increasing L w because of the wide active region for carrier recombination. As a result, one expects a minimum value of J in the J − L w curve at an optimum L w . Nevertheless, the carrier spillover makes the situation more complicated. To see this, we show in Fig. 5 the ratio J cb / J at threshold versus the well width L w with Q v as a variable parameter. Such a J cb / J ratio can be considered as a measure of the electron spillover to the continuous subbands. As expected, the spillover ͑and thus the ratio J cb / J͒ is more serious for larger Q v . For a small well width, the spillover is more sensitive to the variation of Q v when Q v is larger ͑for a shallower electron QW͒. As L w increases from a small value ͑2.4 nm͒, each of the ratios J cb / J first decreases to a local minimum and then goes up. The decrease of J cb / J with increasing L w is caused by the increase of the optical confinement factor ⌫ that reduces the carrier density needed for threshold and then alleviates the spillover of electrons to the continuous subbands. However, with increasing L w , the lowest quasibound subband moves downward and the separation decreases between the bound and the lowest quasibound subbands. This increases the electron spillover to the lowest quasibound subband and its neighbors. The interplay of the two counteractive effects causes the curves of J cb / J to go down and then up with increasing L w until the lowest quasibound subband has its edge below the barriers in energy and becomes the highest bound subband. Around the critical point at which the subband changes from a quasibound to a bound nature, J cb / J reaches a local maximum, as shown in the curves for Q v = 0.33 and 0.37 in Fig. 5 . To the right of the dashed line in the figure, the second bound subband appears and the curves again go down and then up, governed by the variations of the confinement factor ⌫ and the position of the new lowest quasibound subband. Such going down and then up of J cb / J continues as the L w increases. Finally, as L w → ϱ, J cb / J → 0 which is the value for a three-dimensional active region.
It can be found from Fig. 5 that the cb process may become dominant in the optical properties of the QW structures if L w becomes small for a large Q v . This situation should be avoided to take advantage of low threshold in a two-dimensional QW. vice design, such wide ranges of well width can allow a freedom of choosing a desired emission wavelength from a wide spectral range. As expected, we find a minimum of J bb and a local maximum of J cb = J − J bb for Q v = 0.33 at L w = 4.8 nm around which the lowest quasibound subband changes to the highest bound subband.
The carrier spillover depends also on the cavity loss ␣ that determines the carrier density required for threshold. Figure 7 shows the ratio J cb / J at threshold versus the well width L w for Q v = 0.33 and 0.45 with ␣ as a variable parameter. As the figure shows, the spillover can be significantly reduced by decreasing the cavity loss ␣. This implies that a long cavity is preferred to alleviate the spillover effect, especially when Q v is large.
As has been pointed out, the carrier spillover and the threshold current can be significantly reduced by increasing the well width L w for a large Q v . However, this will cause redshift in the emission wavelength and may sacrifice the purpose of short-wavelength emission. To reduce the electron spillover and simultaneously keep a short-wavelength emission, one can employ a structure of multiple QWs. Figure 8 shows the current densities J, J bb , and J cb at threshold versus the number of QWs in the active region for Q v = 0.33 and 0.45. The width of each QW is fixed at L w = 3.6 nm. As can be seen, the current density J cb is considerably reduced for Q v = 0.45 as the QW number increases from 1 to 2. Consequently, this causes a considerable reduction of the total threshold current density J for Q v = 0.45. As the QW number changes from 2 to 3, there is a slight reduction in J cb but no appreciable change in J bb for Q v = 0.45.
Further increasing the QW number does not significantly reduce J cb but causes an increase of J bb , implying that a triple-QW structure is preferred for a low threshold when Q v = 0.45. For Q v = 0.33, a double-QW structure seems preferred for low threshold.
Finally, it is worthwhile to make clear the influence of temperature variation on the electron spillover since the heat dissipation is still a critical issue for the nitride LDs. The rise in temperature causes a broadening of carrier distribution in energy. Therefore, we also expect spectral broadening in the gain g and the spontaneous emission rate r sp with the temperature rising. This can be seen from Fig. 9 , which is the plot of the g and the r sp spectra of 3.6 nm single-QW structures at two different temperatures T = 300 and 400 K for ͑a͒ Q v = 0.33 and ͑b͒ Q v = 0.45. The broadness of the spectra for Q v = 4.5 at T = 400 K in Fig. 9͑b͒ means that the electron spillover is more serious at higher temperature when the QW is shallow. Figure 10 shows the various current densities at threshold as functions of temperature T for the 3.6 nm single-QW This can be understood by the fact that the distribution probability function becomes flatter for a higher T and that the density of states around the quasibound subband edge is much larger than that of the bound subband. As a result, the electron density in the bound subband at threshold decreases for the shallow QW as T rises. However, the increase of the J bb with rising T for the deep QW is due to the gain spectrum broadening that requires a high carrier density at threshold. It is noticed that for Q v = 0.45 the J cb becomes dominant over the J bb as T Ͼ 320 K, implying that the optical property of the shallow QWs is no longer of pure two-dimensional nature. For deep QWs, the spillover is not serious in the range of T = 300-400 K.
In this study, we have taken the valence band partition ratio Q v as a variable parameter because of lack of a compelling value for this parameter. However, in the true case, Q v must be fixed. It may be 0.33, or 0.45, or more probably another value. Recent published works have come to an agreement that the value of Q v is small ͑close to 0.3͒. 21, 22 Even for the small value, the spillover effect is not negligible on the threshold current. Nevertheless, regardless of the value of Q v , our present work has introduced the important concept of carrier spillover, applicable not only to the nitride LDs but also to other kinds of LDs such as short-wavelength AlGaInP / GaAs LDs.
We have presented the calculated results by assuming quasiequilibrium for electrons in the conduction band and for holes in the valence band. This means that our calculations are applicable to the case at and below threshold. Above threshold, the high interband transition rate makes the assumption of quasiequilibrium no longer the case. It causes the spectral hole burning of the distribution function, which may have a reduction of the electron population in the bound subbands and meanwhile an increase of the population in the continuous subbands. Consequently, we expect a sublinear L-I relation above threshold.
IV. CONCLUSION
The influences of spillover effects on radiative current density, gain spectra, and spontaneous emission spectra in InGaN / GaN QW LDs have been theoretically studied in detail. To this end, the continuous subbands above the barriers in energy are considered for the spillover electrons. It has been shown that there are obvious differences in the radiative current densities and gain spectra between the cases with and without considering the spillover effect. It is shown that the spillover effects are important, especially to shallow QWs. The participation of spillover electrons in interband transitions causes spectral broadening of the gain and the spontaneous emission and hence increases the threshold current. Such effects become more serious as the cavity loss increases or the temperature rises. To reduce the spillover, one can employ a multi-QW structure for the LDs. The concept of electron spillover is important not only to the nitride LDs but also to other kinds of LDs that have a shallow QW and large asymmetry in density of states between the conduction and the valence bands. 
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